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The velocity of precipitate formation in mixtures of antibody and antigen de- 
pends upon a  number of factors, including the proportion in which the reagents 
are mixed, the absolute concentrations of reagents, electrolyte concentrations, 
and probably the amount of certain adjuvants, possibly lipoid in nature, which 
may be present.  It is intended to call attention here to the influence of another 
factor, the character of the antibody. 
In a  number of antibody-antigen systems, it has been found that a  study of the 
proportions in which reagents should be mixed to obtain relatively the most rapidly 
flocculating mixture is of considerable interest and practical value.  Two  examples 
which will at once come to mind are the Ramon (32) titration of diphtheria toxin and 
antitoxin and the Dean and Webb (10) optimal proportions titration.  Such methods 
are also being used more and more in theoretical investigations. 
It will be recalled that the Ramon and the Dean and Webb titrations are not done 
in  exactly the  same manner.  In  the  Ramon  technique,  varying amounts  of anti- 
serum are added to a  constant amount of antigen (toxin) and the most rapidly floc- 
culating mixture observed.  This has been called the ~ procedure by English writers 
(cf. 26).  The Dean and Webb technique holds the amount  of antiserum constant, 
and varies the amount  of antigen  (~ procedure).  In either case, the optimal ratio 
(dilution of antigen/dilution of antiserum)  depends,  within limits of error, on  the 
relative, and not  the absolute, concentrations of the reagents.  Thus  in the a  pro- 
cedure,  if most  rapid flocculation occurs in  the  case of antiserum diluted  1:5  and 
antigen  diluted  1:200,  then  with  antiserum  diluted  1:10,  the  optimal dilution of 
antigen will be 1:400.  This is the origin of the term "optimum proportions."  This 
technique has been considerably used in titrating rabbit precipitating sera and their 
antigens. 
Now of course the O or "reverse" procedure could also be applied to these systems. 
It might not have been too easy to predict a priori whether the optimal proportions 
ratio obtained by application of the two methods to the same system would be the 
same.  A  number of experimenters have tried this  (11, 27, 34-36),  and have found 
that the two points are not the same.  The ratios differ, but by amounts which vary 
in different systems.  An attempt is made to explain this point, by use of a diagram, 
in  Marrack's book  (26). 
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The  a  procedure has seldom been  applied to  toxin-antitoxin titrations, perhaps 
chiefly because the antiserum almost always contains several times as many units as 
the toxin, which means that if the toxin is diluted, the antitoxin will have to be diluted 
even more.  The precipitating power of an antitoxin seldom approaches that  of a 
rabbit antiserum against egg albumin, for example, and is less rapid, so it becomes 
diflficult to work with such dilute mixtures.  In addition, as is well known, the toxin- 
antitoxin system differs strikingly from the rabbit antisera, even from rabbit anti- 
diphtheria toxin, in that the range of mixtures which will precipitate is much more 
narrow, so that it is necessary to have mixtures not too far from the optimum in order 
to get any precipitation at all. 
If the a  procedure is applied to the toxin-(horse)antitoxin system, the optimum 
obtained does not usually differ very much from that obtained by the more usual 
procedure (27).  This is in contrast to the behavior of most rabbit antisera.  It would 
seem that something remains to be learned by more experiments along these lines. 
The present work was undertaken with the aim of exploring a  little further 
the relation between the two sorts of optima, employing a  number of antisera, 
some from rabbits and some from horses, against a  variety of antigens.  An 
attempt will be made to present the results somewhat more clearly by use of 
methods employed in map making. 
Technique 
The technique employed, a slight modification of that described by Dean and Webb 
(10), has been used by Dr. Hooker and myself for some time, but never fully described 
in print.  The flocculation was observed in small tubes holding as nearly as possible 
1.0 cc., and all of approximately the same internal diameter.  An appropriate number 
of these were placed in a rack kept in a water bath at 37°C. in such a way that each 
tube was approximately one-third immersed.  The approximate position of the opti- 
mum was located by a  "rough test" in the usual way.  Then a  set of dilutions of 
antigen was made in Wassermann tubes, each tube finally containing 0.5  cc.  of a 
mixture  1.5 times as dilute as that  in the preceding tube.  With a  1.0  cc. pipette 
0.5 cc. of the proper dilution of antiserum was added to each Wassermann tube in 
turn,  beginning with the highest dilution.  Mter  each addition the contents were 
mixed by brief shaking, then withdrawn by means of a capillary pipette with a rubber 
bulb and a  long, not too fine tip.  The mixture was immediately transferred to one 
of the smaller tubes.  This was placed in the rack and the time recorded.  This trans- 
fer insures thorough mixing and gives an adequately high column of liquid to allow 
convection currents to be established to cause mixing to continue, which accelerates 
the reaction, probably proportionally in all tubes (18).  The diluted antiserum was 
added to the other tubes in turn, and transferred to the small tubes, using the same 
capillary pipette for each series in which the same antiserum dilution was being used, 
and going only from the higher to the lower dilutions (from weak to strong antigen). 
For the next series, a dilution of antiserum 1.5 times as great was used, the range of 
antigen dilutions extended if necessary, and a fresh capillary pipette used. 
The tubes were observed continuously, in daylight or under white fluorescent light. WILLIAM C.  BOYD  371 
Cloudiness appears in the tubes which are going to flocculate,  usually within a  few 
minutes.  The  time at  which  particles just  visible to  the  naked eye  appear  was 
recorded for each tube.  By subtracting the time the tube was filled, the time required 
for flocculation was found. 
The same procedure, with the obvious modifications, can be used for the ~ method. 
If a  complete "checkerboard" experiment is being  done, it does  not matter which 
procedure is followed, since ultimately all possible mixtures (which  will flocculate)  of 
antigen and antibody are tested anyway. 
TABLE I 
Times of Flocculation  in Mixtures Containing  0.5 cc. Each of Various  Dilutions of Antiserum 
and  Antigen 
Antigen  tube  No. 
Serum 
NO. 
Minutes 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
6i0 
½ 
1 
4 
>90 
½1  ½/ 
11½  1~  1  ! 
>90  31½1  3 
,>90  >14 
1 
3 
1C 
41 
>9C 
1½ 
11 
1½ 
2½ 
5 
17 
54½ 
>90 
1 
1 
2~ 
4 
6~ 
16 
65 
>90 
1~I  2½ 
'2  I,  3½ 
2½1  4½ 
1½1  2½ 
2:  3½ 
2{]  4½ 
41  4 
o  t  6 
9~1  9½ 
15½1  12 
75½1  28 
>90 
5  7 
5  7 
6½  8 
4  6 
4½  6i 
6  8~ 
6  8 
6½  9i 
9½ 11 
12  13 
20½t20i 
57  132i 
~½  18 
20 
1~  23 
15 
12  16½ 
17½ 
115  20½ 
18½ 25½ 
16½ 26 
!23½ 33 
!35  43½ 
30½ 
31½ 
20 
24  34 
28  i0 
29  ~, 
27½  , 
38½ 54 
33½ ~6 
43½ 59 
54 
50 
60 
51 
67 
69½ 
64½ 
The reagents  were a  rabbit antiserum (No. 113) against  Limulus  hemocyanin and its 
antigen.  The antigen and antiserum dilutions were successively 1.5 times greater in each 
tube, reading from left to right for the antigen and from top to bottom for the antiserum. 
The serum in the first tube was diluted  1:2, the antigen 1:5 (for absolute  concentrations, 
see Table II). 
By carrying this procedure as far as the point at which the most rapid tube in a 
series  took  1½ hours or over, the whole  range of possible flocculating mixtures was 
covered, and a table of times of flocculation obtained, one entry for each combination 
of antibody dilution and antigen dilution.  An example is shown in Table I. 
Successive  dilutions in steps of 1:1.5 were selected as not being too laborious, and 
giving sufficiently precise information as to the relation between times of flocculation 
and the proportion in which reagents were mixed. 
RESULTS 
The results of such an experiment as that shown in Table I can be plotted in 
a number of ways.  If we plot the times of flocculation against the dilution of 372  CHARACTER  OF ANTIBODY  AND VELOCITY  OF FLOCCULATION 
antigen used, for each serum dilution, we obtain the picture seen in Fig. 1, which 
illustrates the principle of the a  procedure.  It will be noted that in all cases 
except those in which  the reagents were too concentrated to allow of proper 
performance of the test, a well defined minimum is seen in the time curve, corre- 
sponding  to  the  point  of  optimal  proportions.  The  time  may  be  approxi- 
mately constant in several tubes near this point, owing to the flatness of the 
curve.  If we select the middle tube in such instances as the optimal tube, it 
will be seen from Table I how the optimal points lie approximately on a straight 
line, which passes diagonally from upper left to lower right, showing the ratio 
to be nearly independent of the absolute concentrations. 
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FIG. i. Times of flocculation  of serum dilutions,  held  constant,  when mixed with 
various dilutions  of antigen. 
Fig. 2 shows the results  of plotting the time against the serum dilution,  anti- 
gen being held constant.  This corresponds to the/9 procedure of the British 
writers.  It will  be noted that although there is  some suggestion of  a minimum, 
it is not nearly so well defined as in Fig. 1.  We may conclude that in this case 
the/~ optimum is not so clear as the more usual a  optimum.  Curves similar 
to those of Figs.  1 and 2 have been presented by Miles (27),  based on experi- 
ments with agglutinating sera.  Compare also  Brown  (7). 
In passing attention may be called to the regularity of the individual curves 
in these graphs, and the systematic way in which each differs from the one next 
to  it,  somewhat  suggesting  a  mathematical family of curves,  all having  the 
same formula, but different values of the parameters. WILLIAM C.  BOYD  373 
Considerations of space would prevent giving similar graphs of all the present 
data, even if that seemed the best method of presentation.  Fortunately a more 
compact method is available.  Mathematically, the set of data shown in Table 
I defines a surface, where time is the third dimension, and antigen dilution and 
serum dilution are the two independent variables.  (Note that we are plotting 
these on a logarithmic scale; this is the result of giving simply the tube numbers 
instead of actual concentrations, but is in any case necessary in order to achieve 
sufficient compactness.)  This surface could be modeled in three dimensions, 
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FIO. 2.  Times of flocculation  of various antigen  dilutions,  held  constant,  when 
mixed with various dilutions of antiserum. 
and the model would summarize the flocculative behavior of the system.  Such 
a model is not easy to show in two dimensions, but the essential characteristics 
can be shown by making use of the same conventions used in topographic maps. 
Lines can be drawn through points of equal time, at appropriate intervals, and 
the position  and  distance  apart  of these  contour lines  (isochrones)  serves to 
characterize the surface.  This can be done without actually constructing the 
surface at all,  by simply drawing such lines through a  table such as Table I, 
having constructed it in such a way that the scale in each direction is the same, 
and finally eliminating everything but these contours and the coordinates. 
Fig. 3 shows the results of this procedure applied to the data of Table I.  The 
contour lines cannot be drawn at equal intervals, therefore the intervals have 
been successively doubled.  That is, contours have been drawn for times of 1, 
2, 4, 8,  16, 32,  and 64 minutes.  This happens to produce a  set of lines which 374  CIIA_RACTER 01~ ANTIBODY  ANY) VELOCITY  OF FLOCCULATION 
are nearly equally spaced in the graph, showing that the slope of the surface in- 
creases rapidly in steepness as the dilutions of antibody and antigen are in- 
creased.  The line of dashes connects the minima obtained by the a  procedure, 
while the line of dots connects those of the/~ procedure.  For a constant "op- 
timum"  to be obtained by either method,  the  corresponding line should be 
straight, with a slope of 45  °. 
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Fio. 3.  Table of times of flocculation of mixtures of various dilutions of antigen 
(Limulus)  (top), and  various  dilutions  of  antiserum  113  (left),  showing  method 
of drawing lines of approximately equal times.  Numbers indicate rows or columns 
respectively; the dilution of serum in the top row was 1:2, the antigen in column  1 
was diluted 1 : 5 (see Table II). 
This technique enables us to present simultaneously the data from a number 
of "checkerboard" experiments such as  that  of Table I.  Such experiments 
were carried out with rabbit antisera: anti-Limulus hemocyanin, 110, 113, 116, 
863,  864; anti-cancer  hemocyanin, 784,  785,  944, anti-ttomarus  hemocyanin, 
778,  9;  anti-Busycon  hemocyanin,  232;  anti-ovalbumin,  125,  129,  848,  862, 
865; anti-diphtheria toxin, R-T, obtained from Dr. Pappenheimer, and horse 
antisera:  anti-ovalbumin  (H-Ov)  and  antitoxin  (H-T),  from  Dr.  Pappen- 
heimer, and anti-Busycon hemocyanin (H-633), obtained through the courtesy 
of the Lederle Laboratories. 
The antigens used in these experiments had been prepared as pure as pos- WILLIAM C.  BOYD  375 
sible,--by  repeated  crystallization  in  the  case  of  ovalbumin,  by  repeated 
isoelectric precipitation in the case of the hemocyanins. 
The exact concentrations of the antigens used, and the antibody content of 
the antisera,  do not bear significantly on the arguments to be presented here. 
TABLE II 
Optimal Dilutions of Sera and A ntigens at Most Concentrated Optimum* 
Serum No. 
110 
110-2 
113 
116 
863 
864 
784 
784,5 
944 
778,9 
125 
129 
848 
862 
865 
H-Ov 
R-T 
H-T 
232 
H-633 
Antigen 
Limulus 
I-Iemocyanin 
c~ 
lc 
¢c 
Cancer 
I-Iemocyanin 
~c 
cl 
Hemocyanin 
Ovalbumin 
lc 
~c 
c~ 
Diphtheria toxin 
Busycon 
Hemocyanin 
¢c 
Concentration 
of  antigen 
rag. N/cc. 
5.45 
c~ 
cl 
cl 
cc 
2.50 
cc 
ct 
5.41 
5.60 
¢c 
Lowest  optimal  dilution 
Serum 
1:2 
c~ 
Undiluted 
1:5.3 
7.51  Undiluted 
~c  ~c 
Antigen 
1:11 
1:3.3 
1:17 
1:25 
1:15 
1:47 
1:15 
1:10 
1:15 
1:76 
1: 456 
1:203 
1:304 
c* 
1:3000 
1:3.4 
Undiluted 
1:17 
1:2.25 
* Point represented by a cross in Figs. 4 a and 4 b. 
However they may be obtained from Table II, the former directly, the latter 
by estimation  (2)  from the  optimal ratios and  the  published  values for the 
ratio of antibody to antigen in optimal precipitates from the various systems 
(18,  19,  20, 22,  25,  28).  The horse antitoxin had a  strength of 400 units per 
cc.  The combined results are presented in Fig. 4. 
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FIG. 4. Contour  lines of  equal  times  (isochrones)  of  flocculation in  mixtures  of 
various antigens and antibodies.  Scale of dilution, successively 1.5  times greater, 
shown only in graph for serum 110.  Numbers at top indicate times, a  indicates line 
connecting Dean and Webb optima, fl line connecting Ramon  optima.  The  cross 
indicates the position of the a  optimum with most concentrated serum (lowest point 
on the time surface, see Table II). 
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much less regular than that of the o~ line.  However, for the sake of fairness, 
the/3 line has been indicated in all cases where there was even a suggestion of 
it, although it was clear that in some cases it was too irregular and unsystematic 
to have any significance.  Note how in a number of cases it has a slope different 
from 45 °,  indicating  that the/3 optimum was not constant for different dilu- 
tions of antigen.  By inspection of Fig. 4, it is seen that the sera tested may be 
divided  roughly into  two  classes, which  we may designate  as R  and H  (the 
reason for this choice of letters will become clear as we proceed). 
Definitions 
In one class, which we shall call the R  class, there is little tendency for well 
marked consistent minima to be found when the/3 procedure is followed.  If 
we follow any one isochrone in the graph of such a system in Fig. 4 (correspond- 
ing to some definite time of flocculation) from left to right, we find that it tends 
to pass through  a  minimum where it is concave upward,  then  to rise pretty 
much vertically (i.e.  following some constant  antigen  dilution)  to  the  upper 
limits of the graph.  Essentially such behavior is found with rabbit sera 110, 
110-2,  113,  116, 864,  129.  Miles (27) has described rabbit agglutinating sera 
which also behaved in this way. 
In systems of the H  class, which is most strikingly represented, even though 
two of the  sera are weak,  by the  three horse  antiprotein  sera  (H-633, H-Ov, 
and H-T), the contour line passes through a minimum as before, then curves 
over to  the  left,  so  as  to  create  another  minimum under  the  conditions  of 
constant antigen.  This can be seen by turning Fig. 4 clockwise through 90  °, 
so that the right hand side as viewed in the usual way becomes the bottom. 
In  these  sera,  apparently,  combination  of  more  than  a  certain  amount  of 
antibody with a given amount of antigen does not leave the rate of flocculation 
at  its  maximum,  but  actually  diminishes  it.  As  already  mentioned,  this 
behavior is most striking in  the  case of the  horse antiprotein  sera, but  to  a 
less extent it is observed also with the rabbit sera 863, 784,5,944, 848, 232. 
Duncan  (11),  Miles  (27),  and  Taylor  (34)  have  reported  experiments  in 
which this behavior of certain rabbit sera is even clearer. 
Horse antitoxin of course furnishes  the classical example of what is meant 
here by an H  serum; in the results presented (H-T)  this is somewhat obscured 
by the fact that horse antitoxin is so weak in comparison with the other sera 
that, on the scale necessary to include the full range of all the sera, the shape 
of  the  time  surface  is  not  properly shown  for  this  system.  An  experiment 
done  with  smaller  steps  between  successive  dilutions  would  show  a  picture 
similar to that given for serum H-633. 
It will perhaps make the distinction between these different types of antisera 
clearer if we present a set of ideal contour lines illustrating them, in which the 
non-essential irregularities  have been smoothed out.  This is done in Fig.  5, WlLLIA~ c.  Boxa)  379 
which shows the ideal behavior of the R  type, the H  type, and the extreme H 
type as typified by diphtheria antitoxin. 
It will be seen that in the R  type only one optimum, that obtained by the 
a  procedure,  is  possible.  The  /~  procedure,  where  increasing  amounts  of 
(A) R T"/PE(ONE OPTIMUm) 
(B)  H  T'fPE (TWO OPTIMA) 
\  "'..(3 
(C1 F..xTR.EMF H TYPE [ OPTW~ACLOSE  TOGF.-THEP,' 
FIO. 5.  Ideal isochrones for antisera of various types (see text). 
antibody are added to constant amounts of antigen, will give, for any given 
amount of antigen, more and more rapid flocculation, until the rate reaches a 
maximum, after which further addition of serum will not influence the rate of 
flocculation (the volume being kept constant). 
In sera of the H  type, two optima are possible, depending on the procedure, 
and it is clear from Fig. 5 that these two optima can never actually coincide. 
With sera of the extreme H  type, however, with which the change in slope of 
the curves is extremely rapid near this point, the difference between the two 380  CHARACTER  OF ANTIBODY  AND  VELOCITY  OF FLOCCULATION 
optima  will  be  slight.  If  the  isochrones  are  mathematically  similar  (the 
same shape) it can be seen how the quotient of the a  and/3 ratios would be 
constant for a serum of the H type, as has been reported (11, 34). 
DISCUSSION 
Considering the difference between the horse antisera and the rabbit anti- 
sera,  when  directed  against  the  same  antigens  (Nos.  129  and  H-Or;  R-T, 
784,5,  and  H-633),  and  the  differences in  the  behavior  of  different  rabbit 
antisera against the same antigens, it would seem that the flocculation behavior 
must depend in part on the physical and chemical characteristics of the anti- 
body.  Otherwise it is difficult to understand how some sera can belong to the 
R  (one optimum)  type,  while others directed against  the  same  antigen  can 
belong to  the H  (two different optima)  type.  There are perhaps two ways 
in which antibodies might differ so as to cause these differences in behavior. 
It is known  that  the horse antiprotein antibodies  thus  far  studied  differ 
from the corresponding rabbit antibodies in being more soluble; i.e.,  a higher 
concentration of sodium or ammonium sulfate is required to precipitate them. 
This suggests that the solubility characteristics of the antibodies have a bearing 
on our problem.  If an antibody is essentially rather soluble, it can be under- 
stood that combination of more than the optimal amount of it with a  given 
amount of antigen would produce in the region of antibody excess compounds 
more soluble than those formed at the optimum.  The compounds with the 
larger amounts of antibody, might have predominantly the solubility character- 
istics of the antibody, thus accounting for the increased solubility and lowered 
rate  of  flocculation.  Or  the  surface  properties  might  pass  at  or  near  the 
optimum  through  a  minimum  in  respect  to  some  other  property,  such  as 
electric charge. 
There is now a  good deal of evidence that the primary stage of serological 
reactions is  extremely rapid  (3,  5,  12,  13,  16),  combination probably being 
substantially complete in a matter of seconds.  Since flocculation is relatively 
slow, requiring in the case of some antitoxins a number of hours, we may regard 
flocculation  as  essentially  an  expression  of  the  secondary  combination  of 
primary aggregates consisting essentially of antigen  combined with more or 
less antibody. 
If secondary combination is regarded as more or less non-specific, as in the 
Bordet theory (1), we may suppose that the rate of flocculation would depend 
upon,  among  other  factors,  the  degree  of  the  hydrophilic  or  hydrophobic 
character  of  the  antibody.  We  might  suppose  that  the  reason  mixtures 
flocculate more and more rapidly, up to a  certain point, as more antibody is 
added, is that polar groups on the antibody and antigen molecules neutralize 
each  other or are  covered up  mechanically, making  the  primary aggregates 
less and less hydrophilic, and thus more inclined to flocculate.  If the antibody WILLIAM  C.  BOY]:)  381 
were hydrophilic, addition of still more would be expected to produce com- 
pounds having  again  a  more hydrophilic character,  due  to  the  greater pro- 
portion of antibody in them, and thus the tendency to flocculation would have 
passed through a maximum.  The ~  optimum with sera of the H  type would 
thus  be  explained.  With  less  hydrophilic  antibody,  however,  the  rate  of 
flocculation would be increased up to a certain point as before, but the presence 
of excess antibody would have little or no effect in again increasing the hy- 
drophilic  character  of  the  aggregates,  particularly  as  some  increase  in  the 
number of hydrophilic groups would be required to keep these larger aggregates 
in solution anyway.  This would  account for the  behavior of the R  type of 
serum.  A  similar suggestion was  made by Brown (7). 
In this connection it may be worth while to recall the work of von Smo- 
luchowski (33), who proposed a theory of the velocity of colloidal flocculation, 
which accounts very well for the results obtained with a number of inorganic 
sols.  His  theory, based  only on the  assumptions  of the kinetic theory, as- 
sumes  that  the  velocity depends  on  two  different factors,--the  number  of 
centers of aggregation initially,  and  the  fraction of collisions between  these 
which result in union.  In the/3 procedure (constant antigen), the number of 
centers of aggregation is the same in each tube, for we may suppose it sub- 
stantially equal to the number of antigen molecules present (18), but it might 
well be supposed that the fraction of collisions resulting in union depends upon 
the amount of antibody combined with a  molecule of antigen.  This should 
be so even if we think of the second stage as being "specific" (14,  26).  For 
here too it is easy to imagine that after the first stage of combination the prob- 
ability that any two of these primary aggregates will combine on colliding is at 
first increased, by higher antibody-antigen ratio, roughly in proportion to the 
amount of antibody combined.  For, up to a point, the more antibody there 
is on each aggregate,  the  greater the  chance that one of the free combining 
groups of an antibody molecule will come sufficiently close to a free combining 
group of an antigen molecule forming part of another aggregate to unite with 
it.  But after a  certain point,  the presence of more combined antibody will 
interfere  with  aggregation  as  each  aggregate  will  have  proportionally  less 
antigen  surface  exposed,  so  that  fewer  antigen  combining  groups  will  be 
available to effect combination. 
The chief difficulty with this second way of looking at the problem is that on 
such a basis it would appear that all antisera should belong to the H  type, as 
this argument should apply equally to all systems.  Pappenheimer, Lundgren, 
and Williams  (29)  have proposed an  explanation of the  inhibition zone ob- 
served with antibody excess in the toxin-antitoxin system which might partly 
meet this difficulty.  They suggest that the combining groups (assumed to be 
two per molecule) in horse antitoxin are concentrated at one end of the mole- 
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evenly distributed.  Then it is supposed that the inhibiting effect of antibody 
excess on flocculation in the case of horse antitoxin is due to the fact that these 
combining groups of the antibody interfere with each other when more than a 
certain amount of antibody is combined with a  molecule of antigen.  In the 
rabbit  system,  the  combining  groups,  being  further  apart,  would  interfere 
less, or not at all, with each other, allowing aggregation to proceed.  If this 
were  the  correct general  explanation,  we  should  be  forced  to  assume  that 
practically  all  degrees  of  asymmetry in  the  distribution  of  the  combining 
groups on antibody molecules could exist, to account for the variation observed 
in sera from the extreme H  type of horse antitoxin to the R  types of certain 
rabbit  antibodies.  This is perhaps  a  difficulty, and  there  is  the  additional 
objection that there is thus far no evidence that most of the antibodies that we 
have  studied  have  more  than  one  combining  group  per  molecule,  and  the 
proposed explanation could not apply to a  univalent antibody.  It does not 
seem possible at present to decide definitely between the two possible explana- 
tions, but the writer still prefers that based on differences in the hydrophilic 
character of the  antibodies,  as being on the  whole more plausible.  At any 
rate it would seem that observations on the relation of the different precipita- 
tion optima can be accounted for, in theory at least, without making any use 
of the assumptions of the lattice theory. 
The optimum observed in flocculation by the a  procedure is  not difficult 
to understand.  Here the amount of antibody is constant, and the antigen is 
varied.  In the mixtures containing the smaller amounts of antigen, there are 
not enough centers of aggregation to give the most rapid flocculation, although, 
in the R  type of serum, these centers are maximally coated antigen molecules 
having about the maximum tendency to aggregation.  In mixtures with more 
antigen, the number of centers is greater, but at the same time the amount of 
antibody available for each antigen molecule is diminished,  and the primary 
centers  resulting  are  less  hydrophobic  (more  soluble).  Finally  a  point  is 
reached where the diminished tendency of the primary aggregates to combine 
balances  the  increase  in  rate  caused  by  their  larger  number.  As  more 
antigen is added, the tendency to combine is decreased sufficiently to produce 
the zone of partial, and ultimately of complete, inhibition. 
As  before,  we  could also  interpret  this  in  terms  of  the  "specific" lattice 
theory, with about the same degree of plausibility. 
Relation  of Flocculation Optima to Neutralization 
Dean  and  Webb  (10)  found that  at  the  optimum  obtained by  their  (a) 
procedure, in the case of the system they worked with (rabbit-antihorse-serum 
and horse serum), there were no more than traces of antibody and antigen in 
the  supernatant.  Similar  results  have  been  obtained with ovalbumin, azo- 
protein, yeast gum, and pneumococcus polysaccharide Type I  (9,  11,  21,  36, WILLIA~ C.  BOYD  383 
and references in 26).  This suggested that  the flocculation optimum had in 
addition to its practical utility some theoretical significance. 
However, Burnet  (8) found most rapid flocculation of staphylococcal toxin 
and antitoxin in mixtures containing some excess of antibody, and a  number 
of others have obtained similar results.  Malkiel and Boyd (25)  found that 
in two hemocyanin-antihemocyanin systems most rapid flocculation occurred 
in mixtures in which antigen was in excess. 
In the Ramon titration (/3 procedure), the most rapidly flocculating mixture 
may be neutral, although it is sometimes under-, more often over-neutralized. 
Pappenheimer and Robinson (30)  even by the sensitive rabbit intracutaneous 
test,  failed to  detect any  appreciable  toxin or antitoxin in  the  supernatant 
from such mixtures.  Duncan (11)  and Taylor, Adair,  and Adair (36)  found 
instances in which the Ramon optimum was in the region of antibody excess. 
The fact that the/5 optimum corresponds at least in some cases to a point in 
the equivalence zone may be accidental, but it is more likely that it is due to 
the fact that in both cases the deciding factor is approximately complete cov- 
erage of the surface of the antigen by antibody.  This is conceivable on  the 
basis of either the older or the newer theories of reaction mechanism, as can 
be seen by the  remarks of Pauling  (31).  The studies  of Boyd and Hooker 
(4, 6) on the ratio of antibody to antigen in precipitates suggest that antibody 
covers more surface than if it behaved as a  sphere, and purely chemical and 
physical evidence indicates  that antibody molecules are elongated ellipsoids. 
In the case of ovalbumin, the antigen surface is calculated to be completely 
covered by about three molecules of antibody.  The studies of Heidelberger 
(14) and collaborators suggest that the compound formed in this system at the 
antibody excess end of the equivalence zone is mostly A2G (in which A repre- 
sents antibody, and G antigen).  This may mean that coverage of about two- 
thirds  of  the  surface  suffices  to  bring  about  maximal  alteration  in  surface 
properties. 
According to Pappenheimer, Lundgren, and Williams (29), at the/3 optimum 
two molecules of antitoxin are combined with one of toxin.  The formula  of 
Boyd and Hooker would lead to the conclusion that four  antibody molecules 
are required to cover the surface of a molecule of toxin; if this is correct, the 
surface is in this case only half covered.  Since  horse antitoxin is strongly of 
the H  type, this might be the point at which the hydrophilic properties of the 
toxin-antitoxin compound were  at  a  minimum.  The observation  that  such 
mixtures are nevertheless often neutral could be  accounted for, if either the 
number of toxic groups on the toxin molecule is limited, or neutralization is 
due,  at least in part,  simply to the low solubility and decreased mobility of 
the  compound. 
One would expect to find that in general the a  optimum  corresponded to a 
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mentioned above could be expected to balance.  This was  found to  be  the 
case  for  two  hemocyanins studied  by  Malkiel  and  Boyd  (25),  but  with  a 
number of systems the a  optimum, as mentioned above,  has  been found to 
correspond to a point in the equivalence zone, and in one case to a point in the 
region of antibody excess.  It may be that  the slowing effect of diminished 
antibody/antigen ratio asserts itself very soon after complete surface covering 
has been effected, and  that  antibody combining with  a  molecule of antigen 
already completely covered is held somewhat more loosely.  If the process of 
primary combination follows a course mathematically equivalent to an adsorp- 
tion reaction, as is not improbable, this would be expected. 
The  statement  that  the  process  resembles  an  adsorption  reaction  is  not 
intended  to imply anything more than  that  antigen possesses  a  number of 
combining groups per molecule, and  any mathematical treatment of such  a 
reaction will give results agreeing with one of the various adsorption equations 
(17,  24). 
In  a  number  of  antibody-antigen  systems  it  is  found  that  "equivalent" 
mixtures  (mixtures  which  leave  neither  antibody  nor  antigen,  or  minimal 
traces of both, in the supernatant) may be obtained over a zone in which the 
proportions of reagents varies slightly.  This has been termed the equivalence 
zone (15).  Heidelberger and Kendall (15) have suggested that:  "The breadth 
of the zone in some instances may explain the failure of the 'optimal propor- 
tions' method to yield the same end-point when the antigen is diluted as when 
antibody is diluted, since the equivalence zone would be approached from a 
different side in each instance."  It is clear from the data presented here that 
this is not the explanation of the difference between the two optima, especially 
since usually one or the other, sometimes both optimal points fall outside the 
equivalence zone. 
It is seen that the difference between the R  and H  types of antibody can 
only  be  accounted  for  on  the  assumption  that  the  chemical  and  physical 
properties,  or  both,  of  the  antibodies  have  a  bearing  on  their  flocculative 
behavior.  This statement would  seem to hold,  whether the  important  dif- 
ferences prove to be differences in solubility, or as Pappenheimer, Lundgren, 
and Williams suggest, variations in the spatial arrangement, or in the extent 
to which the different combining groups on any antibody molecule affect each 
other (23).  The addition of such assumptions to the lattice theory as it was 
originally formulated seems now to be admitted to be necessary even by its 
originators.  We can no longer expect to account for the whole course of the 
precipitin reaction without taking some account of the characteristics of the 
antibody molecule itself. 
I  am indebted to Dr. Pappenheimer for sending our laboratory some of his horse 
anti-ovalbumin serum, and to Dr. Pappenheimer and Dr. Robinson  for the gift of WILLIAI~ C.  BOYD  385 
diphtheria toxin, rabbit antitoxin, and horse antitoxin.  Credit is due to my assistant, 
Mrs. Manya K. Grossman, for able assistance with the technical work. 
SUMMARY 
Results of a thorough study of the rates of flocculation of 20 antisera when 
mixed  with  their  antigens  in  all  proportions  are  presented.  The  relation 
between the ¢z  (constant antibody) and/~  (constant antigen)  optima is dis- 
cussed.  It is suggested that most of the antisera examined can be classified 
into two main types, one of which, the H  type, gives an optimum by both the 
¢z and/3 procedures, whereas the R type gives an optimum only by the former 
technique.  It appears that these differences can only be accounted for by the 
influence of differences in the physical and chemical properties of the various 
antibodies. 
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